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Abstract

This paper concerns the 3-dimensional Lagrangian Navier-Stokes a model and the
limiting Navier-Stokes system on smooth bounded domains with a class of vorticity-
slip boundary conditions and the Navier-slip boundary conditions. It establishes the
spectrum properties and regularity estimates of the associated Stokes operators, the
local well-posedness of the strong solution and global existence of weak solutions
for initial boundary value problems for such systems. Furthermore, the vanishing a
limit to a weak solution of the corresponding initial-boundary.

Keywords

Navier-Stokes a model, vorticity-slip boundary conditions, Vanishing a limit.

INTRODUCTION

The Lagragian Navier-Stokes a model (LNS-a)
as a regularization system of the NavierStokes
equations (NS) is given by

ov—Av+ T,v.Vvo+V(T,v)"-v=0

- (1.1
Vu=20 - (1.2)
which describes large scale fluid motions in the
turbulence theory, whereT,v=uis a filtered
version of the velocity v determined usually

- (1.3)
- (1.4)

u—alu=v
Vu=20

bywith @ > 0 being a constant. This filter u is
also called the averaged velocity. The system
can be regarded as a system for this filter, and
is also called the Lagrangian averaged Navier-
Stokes equations (LANS). The global well-
posedness for the LANS was first obtained in
[1] for periodic boundary conditions. The
convergence of its solutions to that of the NS
equations and the continuity of attractors
when @ — 0 are also considered there.
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when ¢ — 0 are also considered there.

For bounded domains, the situation becomes
more complicated since the LANS is a 4th
odder system for the filter u, and only the no-
slip boundary condition u = 0 on the
boundary was considered by [2] under the
assumption that Au = —PAu = 0 on the
boundary with P being the Leray projection
operator. The boundary effects related to such
a boundary condition were analyzed in [3].

On the other hand, the LNS-o model
emphasizes the system (1.1)-(1.4) as equations
for the physical velocity v, which is a
regularized system of the NS equations by
filtering some part of the nonlinearity through
a global quantity which is then called filtered
velocity .It is also mentioned in [18] in the
stochastic Lagrangian derivation of (1.1), (1.2)
that any translation-invariant filter u =T, v
may be adaptable.Although, there is no any
serious difference between the two aspects for
the equations (1.1), (1.2) filtered by (1.3), (1.4)
in domains without boundary, the situation
may be different for domains with boundaries.
To our knowledge, very little is known to the
LNS-o models in domains with boundaries
from this point of view.

In this paper, we investigate the initial
boundary value problem for the LNS-a model
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(1.1), (1.2) in the following equivalent form
0,v—Av+ T,v.Vw+V(T,v)T-v=0

- (1.5)

Vu=0 - (1.6)

2.0n 3D Lagrangian Navier — Stokes «
Model with a class of Vorticity-Slip
Boundary Conditions

2.1 Theorem

The stokes operator Ap = —A with the
domain D(Ar) = W N FH is self-adjoint in the
Hilbert space FH.

Proof:
Given:

The stokes operator Ap = —A with the
domain

D(Ap) =W NFH
To prove:
Self-adjoint in the Hilbert space FH.

It is clear that Ap = —A with the
domain W N FH is symmetric.

Since C;°(€2) N H is dense in H,

It follows that Ap is densely defined
due to the orthogonality of FH and HH and
the compactness of HH.

Let ue W. Since nx (Vxu)=0 on
20 then —Vu=Vx(VXxu)€FH.

Thus Ar maps W N FH to FH.

Now, for any f € FH, it follows that
there is a ¢ € H () satisfying
Vxe=f inQ
Vep=0inQ
eXn=0o0ndQ
Thereisav € FH n H?() so that
o =VXv+ P,fG
Here Pi-Xxn=0 on 402

It follwsthat nx(Vxv)=0 onaQ

Then VX (P7.)=0 and ¢ =V X v+ Py,

implies that
Thus

—-VWw=finQ

Ap:W NFH — FH is surjective. If f =0, then
integration by parts shows

IVxv|=0

It follows that u = 0 due to the orthogonality
of FH and HH and

Then Ap:WNFH - FH isone to one.
Here W and FH are closed in H%(() and
L?(0), and

lAv|l < llvll;

We obtain from the Banach inverse operator
theorem that

lvllz < cllVol|
Hence the proof.
2.2 Theorem

The operator A and the stokes operator
Ap = —A with the domain DA =W NFH is
self-adjoint in the Hilbert space FH is the self
adjoint extension of the following bilinear
form

a(u, @) = (Vxu,Vxe),D()
D(a) = Vy =FHNHY Q) inFH.
Proof:
Given:

The operator Ar and the stokes operator
Ap = —A with the domain DA =W NFH is
self-ad joint in the Hilbert space FH is the self
adjoint.

To prove :

The self adjoint extension of the
following bilinear form

a(u,p) = (Vxu,Vxe),D(@a)
D(a) =V =FHNHY(Q) in FH.

a(u,) with D(a) = FHNH(Q)
defined.

is densely

a(u, ) is closed and positive. It follows that
there is a self-adjoint operator
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A with domain D(A4) c D(a) Such that
a(u,p) = (Au, @),V € FH N
H'(Q)
For any u € D(A). It is clear that
D(Ar) =W nFH c D(4)
And Au = —Auforany u€ W nFH.

let ueD(A) and f =Au. It follows from
(Theorem 1) That there is a v € D(Af) such
that

a(v, ) = (f,9)

On the other hand

a(u, 9) = (Au, ) = (f, ¢)
A () S VF'

Hence
OV([) € VF,

au—v,9)=Vxu—-v),Vxe)=

Taking ¢ =u—v showsthatVx (u—v)=0.
Thus u=v.

Thus D(A) = D(Ar) and A = Ap.

Denote by V# the dual of Vi respect to the L?

inner product.

Then the notation of weak solutions can be
extended for fEV}: u is called a weak
solution to f € V} if

a(u, ) = (f, ),
v @ € VF
Hence the proof.

2.3 Theorem

The self-adjoint extension of the bilinear
form @, (u, ) with domain D(a,) =V is the
operator A, =1+ P(—-4) with
D(A,)=W,nH, and 4, is an isomorphism

stokes

between D(4,) and H with a compact inverse
on H. Consequently,the eigenvalues of the
stokes operator A, can be listed as

Which form a complete orthogonal basis in
H.Furthermore, it holds that
A+)y<dgwu <

—laul"vuen(a)

Proof:
Given:

The self-adjoint extension of the bilinear
form @, (u, ¢) with domain D(@,) =V is the
operator A, =1+ P(=4) with
D(A,)=W,nH, and 4, is an isomorphism
between D(4,) and H with a compact inverse
onH

stokes

To prove:

The eigenvalues of the stokes operator 4, can
be listed as

1<14+4 <144

With the
{ej} c I/T/y,i.e.,

corresponding  eigenvectors

Ayg =1+ 4)g
Which form a complete orthogonal basis
in H.Furthermore, it holds that
(1 + /11)||u||2 < dﬁ(u,u) <

wlaul"vuen(a)

1+,
It suffices to show that D(4,) c W, N H
Letu € D(4,)and f = 4, u.

Since D(A,) cD(dz) =H'(Dn

H;
It follows that @, (w, ) = (f, ), Ve in V that

llullf < cllfII?

Let n(x) and  y(x) be internal smooth
extensions of the normal vector n and y.

Then (y(x)u + GD(u)) Xxn(x)=Vxv+Vh+
Vg

1<14+24,<1+2,.... - o With v € H*(Q) N FH,
With  the corresponding  eigenvectors Vh = Py ((Y(x)u + GD(w)) x n(x))
(e} W,.ie, and
Ayg = (1+4)e Vo= Pgg ((y(x)u + GD(w)) x n(x))
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One can get

lvllz < cllVxvlly < cllully
nx (Vh) =0and n x (Vg) = 0.
Thus (yu + GD(u)).(p = (—Av,p),Vp €V

Here

f(va).(ngo)
Q

+ (yu + GD(u)).(p = (—Av,p), Vo €V
Ye)

Then the definition of the weak solution

lAv]l < [[vll2

f(va).(qu))
Q

+f yu.¢ + | GD(p).u=(f—up)VEV
a0 20
Combine the equation

fa GD(p).u =LQGD(u).g0

Q
j(VX(u—v)).(VXgo)
Q

=Pry(f —u+A4v),9),Vp eV
Here VX u = V X Ppy(u) and Pr(u) € HX(Q) n
FH. It follows that
a( Ppp(u ) —v,0) =P (f —u+
Av), 9),Yo € HY(Q NFH
since Ppy(f —u+Av) € FH, so Ppy(u)—vE€
w,
IPry () — vllz < cCllf I+ llully)
since HH is finite dimensional,
SO IPry WIl2 < cllull
It follows from the equation
lullf < cllfII?
lvllz < cllVxvily < cllully
IPry (W) = vllz < cCllf I+ llully)
1Py 2 < cllull
llullz < cllfl
(Vxu)xn= (VXPFH(u))Xn= (Vxu)xXn
= —yu—GD(u)

2(S(wn)..
=((Vxu) xn+GD(w)).

2(S(wn),. = —yu

Hence the proof.

-

3. Vanishing a limit and the Navier Stokes
equations

3.1 Theorem

Let vy, € H, and (v*,u%) be the global
weak solution if vy € H,a >0, then the
solution v obtained is global

T" =T"(v) = e

corresponding to the parameter @ > 0.Then
for any given T > 0 there is a subsequence u%
of u® and a(v?,u?) statisfying

v? € L2(0,T; V) n C, ([0, T]; H)
’ i r
% €L3(0,T;V)

v9 - v%in L2(0,T; H) weakly

-1

v9 - v%in 12(0,T; D <AﬁT>) strongly

u® - v%in L?(0,T; Vy) weakly

1
u9 - v%in L2(0,T; D (A[)j* >) strongly

Moreover (v°,u%) is a weak solution of the
intial boundary problem of the NS equations
with @ = 0 and satisfies the energy inequality
d 012 2 0 0y < 0
2V I+ 2a, (07, v7) <
Proof:
Given:

Let vy € H, and (v*,u*) be the
global weak solution if vy, € H,a > 0,

To prove:
then the solution v obtained is global
T*=T"(vy) =

corresponding to the parameter @ > 0.Then
for any given T > 0 there is a subsequence u%
of u® and a(v°,u?) statisfying

v® € L2(0,T; V) n C, ([0,T]; H)

.4 ,
@% €L3(0,T;V)

A weak solution of the intial boundary
problem of the NS equations with « = 0 and
satisfies the energy inequality
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d
E”VO 1>+ 2a,(v°,v°) <0

Letvy, € H, T >0, and (v*, u%) be the global
weak solution corresponding to1 = a > 0.1t
follows that

d
= (Ilull? + aay @ w)
+ Z(aﬂ (w,u) + allPAull?) =0

+aag (u®,u®)
t
+f (ap (™ ,u®) + allPAu”||?)dt < ¢
0

For some constant ¢ independent of a. For
any ¢ € Wy n H, we have

(B(wv*,u%),p) = f (Vxv* xu®)epdx =1+11
fo}

Where I = [, (nxv%).(v* X ¢)dS

Il =
Jov® (—u®.Vo — 9. Vu®)dx
Since u.n =0 and ¢.n =0 on the boundary
so
u* X @ =AnonadQ
Hence 1=0
To estimate

Il = Jv“.(—u“.Vq)—(p.Vu“)dx
Q

Here

Jv“(v“. Vo)dx
fo}

< c(llu®ll + allPAu®[Dllu®ll3 o Vel

a2 gy < cllu ey
< el 2l + 1P ) 2
Vol < cllAgol|
Then

lu® II* + aag (u , u®)

t
+f (ap (u® ,u®) + al|PAu%||?)dt < ¢
0

fv“(u“.Wp)dx

0
< c((aﬁ (w® u®)? + al|PAuC||
5
+ a||PAu%|)) Z) ||A[,>q)||
Next, |f0v“((p.Vu“)dx|

<c(lu®ll + allPdu®DIully lelli=
Which implies that

f v (p.Vu*)dx
Q

1
< of( g (w2 + allPou|
3
+ allPuc ) 2) || 40|

Then fora < 1, |(B(v*,u*),p)| <
1 3 3
c(1 +(ap (u® , u®)z+as||PAu||2) || Az ||
It follows from the equation
lu® 1> + aag (u® , u®)

t
+j (ap (™ ,u®) + al|PAu”||?)dt < ¢
0

And |((B(v*,u®),p)| <
e(1 +(ag (u® , u)z +ai [PAu ] 2) | Ap |
B(w* u*) and then % (v*) are uniformly
bounded in L3(0,T; D(45")).
It follows that
(1 —auf + adg(uf) = vf
(- a)llag g +aljag ug ||* = llag ue |
g |1 < 2z u |
For 0<a< 21 This shows that d,u* are
uniformly bounded inL3 (0,T; D(A5")) as d,u”.

It implies that (u®) are uniformly bounded in
L?(0,T; V).

1

And the duality between V=D(Ag) and
D(Ag") with respect to the inner product of

And
-1
4
D(4;)
(Qg sai vaashi cati 4
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-1 1 1
(A[;* u, Aéqo) = (Azu, AEl(p)

There exist a subsequence
uY of u® and v° such that

u® - v%in L2(0,T; V) weakly

u® - v%in L2(0,T; D (A;Tl)) strongly
Here
[((Bw%,u®) — Bw%v®),@)| <I+1I
Where
I=|(Bu®—=v%u®) + B@w"u* —v%),p)|
Il = a|(B(PAu%*,u %), @)|
Similar to the equation

(B(wv*,u*),p) = j (Vxv* xutedx =1+11
Q

And I=0

Integrating by part we get,

|(Bu® —v°u), @) =|[u-
v). (Vo + ¢.Vu )|

f(u"‘ —v9). (u*. Vo)
Q

1

1
< cllu® — vl 2llulfs o IVellis o

And
llu® — v
<cllu*=v° - flu*=v° 1
D(A) D(4})
lu® —vOlI> 1 <cllu®—vflu® - v,
D(4p)

This shows that

f(u“ —v)|. (u*.Ve)

Q
1 1 1

< Jlu® =02 ) flu® = o0l Hus 2| Az 0|
D(A[;*)

Hence

(U Vo)

| @we=v

1

2 4

o{47)

U v —v%.(p.Vu®)
Q

< Jlu® = vOllllu Nl el

3 3

< flu® =20 (el + 100115 1 4g o

It follows that

fo(” «_y0y
5 5

(el + 100115 1 4g o

(u*. Vo)

1
< flu* =207,
4
o7 )
Then

1
|Bw® —u®,v°), )| < cllu® —v°I*,

()
5 5
(L + I} + 0l | 4Ag ol
Similarly,one can obtain
|(B(u % — UOJ ua), (p)l

1 5 5
< fu®=v0l%, L @+ u®llE + 10124 0|

e

It follows that
1 5
I< flu®=vO0% o (4 llu®lly
o(47)
5
+11v011 |4 ¢l

Similarly,

|(B(PAUT, u ), @)

f (PAU®). (u*. Vo + @.Vu %)
Q

Then
|(B(PAu®, u®), )| < cllPAu|lllu®l;||4g 0|

It follows that

1
II < caz(allPAu®|? + [lu®[I7) llell,

(78
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It follows that the equation
(B(v*,u%),p) = f (Vxv* xu®)edx =1+11
Q

5

1
SN G 7

o(s7)

5
+ Il [[Ag o

[< |lu® =0

11 < ca(allPaus | + [u 1) ligll;
This equation becomes
B(wY,u”) - Bw®,v°) in L'(0,T;D(Az"))
strongly
To show that v° satisfies
(@Y, ) + ag @% ) + ((V x v9) x v°,<p) =0

Vo €eCT() NV in the sense of distribution
on [0,T].

Here v € L2(0,T; V) NS

4
L3(0,T; V")

implies

Thusve € V.
d 2
E(Ilu"‘ll + aag (u"‘,u“)) +2a; (", u“) <0

Passing to the limit and nothing the weak
lower semi-continuity of the norm, one gets

d
EHUOHZ +2a3(v°,v°) <0

Here

3 1
W%, v°,0)= W* —v°,p) + a((Agu“ ,A;;<p)
- (ua’(p))

-1
Foro € D (A; ).Then

lve —vOI? o <|lve -

D(A;)
1
vOl? L +caz(allPAu||? + |lu |}
D(A;)
It follows that
) -1
v9 ->v%in LY0,T;D (A; >)
strongly

Here
" —v%,90) = W, v°,9) — a(PAu, )
It follows from the equation

lu® 11? + aap (u® , u®)
t
+f (aﬁ (u®,u*) + aIIPAu“IIZ)dt <c
0

And
u% - v%in L2(0,T; V) weakly and we get
v9 - v% in L1(0,T; H) weakly
Hence the proof.
CONCLUSION

Throughout this paper we discussed some
definition and theorems on 3D lagrangian
Navier-stokes a model with a class of vorticity
—slip boundary condition. And then we
discussed a vanishing « limit and the
Navier stokes equation . The vanishing a limit
to a weak solution of the corresponding
initial-boundary value problem of the Navier-
Stokes system is proved and a rate of
convergence is shown for the strong solution.
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